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Abstract

This work contains the evaluation of multicenter integrals with Cartesian Gaussian
functions occurring in || Hy |2. These integrals have lo be used if it is necessary o
calculate the lower bounds for eigenvalues with the method of the minimization of the
variance [1]. Considering the variance F(y) = || Hy |* - (Hy | ), the integrals from
(HW, W) are well known in contrast 1o those for | HW |2

1. Introduction

Almost all calculations of upper bounds for eigenvalues, using the Rayleigh—
Ritz variation principle, nowadays are performed with Gaussian functions, because
of the difficulties of calculating (AW, W) for Slater functions. Two methods are
dominant: the use of Laplace and Fourier transform [2 —4] and recurrence relations
{5-8].

In contrast, there are few papers concerning the integrals for || #W ||?, e.g. the
papers by Zimering [9] and Roberts [10]. Starting with Gaussian functions of the type

x(a,lm,n)=xymalie @ (1)

(x,, ¥, and z, are the components of the vector r, = r —a and [, m, n are integers 20).
Four basic integrals are obtained calculating (%Y, ¥): J,, ..., J, according to the
nomenclature of Huzinaga et al. [3].

In analogy, (H'¥, H¥) produces another five types of integrals Js,...,Jg
(see section 2). For the case / = m = n = 0, these integrals are given in [9,10]. The
general case [, m, n € /N can be treated combining the methods of Laplace and Fourier
transform.

2. Basic integrals

Looking at the functions y in || # w||? in the most general form as a linear
combination of products of Gaussian functions, e.g. Slater determinants, then the
products of
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J_ i omin; —oirk
Xi=XqYg2qe Y, (2)

with the centers g = a, b, ¢, . . ., can be newly centered with regard to the electrons
j=1,2,3,... [4]. Thus, one obtains linear combinations of Gaussian functions
referring 1o just one center for each electron. With Has Born—Oppenheimer Hamiltonian,
the following basic integrals are then needed for || # v ||%:

Js = (r:12,)s

Jo = (1 ri3 22),
J7=((reyra)) " 1 2y)s

Js = (1 (rare) " 1 23),

Jg = (X11|(r,2r13)"‘[7522;{§),

with
1 _ Ly omy_ny —oyrd
X] —xa; }’ax zalle al’
2 _ . ma_nay -azrﬁz
Xz _xbzybzzbze »

3 __ Iy _m3_n3 —ayz
X3 =X3Yes?es € 3,

For the solution of J5 up to Jg, the following relations are needed [3.,9, 10]:

11 dk 4,

Tl &

1 1 wdn —nk? 2 T —n%?

-]E = — J'—-- [ = — dT]e . (4)
V5 \n V3

11 Ak _inr

7T an J Ve )
2 l d

— 2112

e O = ok | & e’ (6)

3
§
0
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E ]
I(n,y,a) = J dxx"e'™ e

n—2k
~ @y Lo PRI NP AL Y =Ly %
& k=201 (o)

The index k at /(n, y, a), indicates the selected summation index.

—ar?

Js = Jdrr{zxf,y;"zg e

With r_=r—c=r,+ ac, ac = a — ¢ and the transformation of -2 to (5), it is possible
to integrate with regard to r. Then, with (7) we obtain;

1 dk —ikac
Js= g | S0 1 ~ke, )i 10m, —ky, Q)i 1(n, —ks, @) € tkac (8)

The newly produced singularity £~! can be removed with (4). Thereafter, one can
integrate on the k-space with (7). According to the components, one obtains:

. 1
1(1—211, —ac,,n+ 4a)
I(m-Zi - + L

23 y)Tl 4a

. 1
1 — — o ——
(n 2iy, —ac,,n 1 )

Finally, there still remains the integration with regard to the auxiliary variable 1. This
results with the substitution

n
5= 1
n+ 75
in ,
L= 2(4a)’ e’y (Z)(-l)‘m—aacz), 9)

A=0

with v=10+m+n— 20, + iy + i) — (j, +J, + j;) and
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1
Y2
F()= jdu utre ™’
0
Summarizing the various results:

Js=2n \/é " Y Dijy Y, Diyjy Y, Disjy

i i2,)2 i3,)3
x Y ()1 heaach, (10)
A=0
with
| (D) NGy g R
D ti=26 = 2;)!

Diljl =(-1)

and 0 < i, < [I/2], 0 < j, < [(-2i)/2).
Jo = (X113l 23,

With r, =r,—r, =r,, —r, +baand (5), (7), the space integration can be performed.
The solutions

Iy ke ay )y, ImyLky, o)y, I(ny, k0,

1(12’ —kx , &g )jl ’ [(m2 ’ —'ky ’ aZ)jZ’ 1(”29 _kzy 052)13 )
can be integrated with (4) with respect to k and lead, together with (7), to

I+ =20 +j1), aby, 6+ N,
Iimy +my =2(iy +j2), aby, 6+ Ny,
I(ny +ny = 2(i3 + j3), ab,, 6+ Ny,

with

The substitution s = Vn/(8+ 1) results in the integration regarding 7:
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—vo1 -ab%4s A ab?
Ts=25""e 2( )(-—1) Rl - (11)
i=o 45
with
V=11+12+m,+m2+n1+n2—2(i1+i2+i3+j1 +j2+j3)—k1—k2—k3.

Finally, the solution is as follows:

Je = e-a C. C. C.. . x
6 ar+ay \ oy, ) 2 inJjuky 2 i2,j2,k2 2 i3,73,k3

iy, j1,k, i2,j2,k2 i3,j3,k3

Y v 1 ab?
£ () o

with
' 4a )i:—11(4a2)j1~1252(i1+j1)—11-12+k1
Cil,jx ky =('—1)11 1 R Pyt i ! ‘
i Hh = 2i0) (R - 21)!

NP L\ + b =230y +j1))labfr+iz-2t+1)=2k
by Ul + 1 =200 + 1) =2k, )! ’

! ! I +1
0<i 5[3‘] OSjIS[—;-J, 0<k, s{ ‘2 2 -z’l—jl],

m_n —ar}

J-,_jd

Za€ (13)
With r,=r_ + ac, r,=r, + ad and (3), (4), one obtains
1 —5/2 j dT] dk lkl“a elkdd e"nzr? (14)
rcrd
The combination of the Gaussian functions results in
. LI 2,2
e--azr‘z e—n rc —e @ n2 e—(a+n )r,,, (15)

with r, = r - ¢, ¢ = (aa + n%¢)/(a + n*). Then we have:
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re=rotqa=r,— ——ac (16)

and |gd | = (a + n2)~NP(n), with P(n) = | aad + n*cd |?. With (16) we obtain

I < 1-iof ! P I-io_io
Xg = Z(—l) i acy °xg. (17

i0=0 o+ 172

For ym, z7, the summation indices will be j, and &,. With (7), one can now integrate

a’ *a’

with respect to r,, obtaining
l(ioakX?a+n2)i1’ l(jo,ky,05+772)iz, I(kO’kz’a+n2)i3~

The singularity k™2 can be removed with (6) according to

k2 1 k2
S k2 o
Ya+nd dy e wXernd 18
¢ 2(a+ nl)g rE (18)

integration over k leads to the solutions

I(io, —2i1 ’qu’g)jl , [(j(), —212,Qdy,€)j2, I(k(), —2i3,qdz,£)j3,

with
1
£= —mm———
4pu(a+n?)
Now one can integrate over f, obtaining the solution
Fo((o+ 1) P(m)] with v=g +jo +ko —2(iy + iz +i3) = (Ji + 2 +J3).
With
2
qd = _ (—Oi ad+cd),
o+ n*\ n?

we obtain

a io=2(i1+jy)
(7]-2- ad, + cdx)

PTRRY lo = 200 + i)
ki

)akiadxklcdxio—Z(il+j1)—k1n—2k1_ (19)
k1=0
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For qdy, qd,, the summation indices will be k, and k,. Hence, one can integrate over
77, obtaining with the substitution

n2
T ar
1 2 (&
= — o &2 ( )( 1)80 2(€1+€o)
ng 802;0 J‘ 0y1- 22
x e 'R (o1~ 22) F(2)], (20)

with F(z) = | z%ca + ad |* and
&1 =l+m+n~2(i1 +i2+i3)-—2(j1 +j2+j3)-(k1+k2+k3),
€2=i1+i2+i3+j1+j2+j3+k1+k2+k3. °

The individual results can thus be summarized:

£ 62
n &
Jr =4 o 2 Ao iv, jiok Z o0z, ja, k2 z Ak, iz, j3,k3 2 (50 )(_1)

io, 1,71,k Jo,iz,j2,k2 ko,i3,j3,k3 g0=0
1
0

P@relemarac’n 101221 R()), 1)
1-22
with
[!(4a)—(i1+j1)aci~ioadxklcdxio_.2([l+j1)__k!
(I=ig) iy Ly Yy Mo — 238y + 1) = ky)!

[+)
Aig,iv, i kg = (=17

and
I ig —2i

0<ip<l, 0<§ S[EO], 0<h —{ 0 > ljl, 0<ky <ip—2@iy +)1)s

Js = (Xt Irane) 1),

With (3) and (4), the following can be recorded:

(rIZrlc)_l —5/2 Jdnj 1k ba 1Icru, e—xkna —r)zrlzc’ (22)
and thus

_ o nZac?

e -arf, el —e @n? ‘(al+712)’1e (23)
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With r,, = r, — e, e = (aya + n%c)/(oy + N%), we obtain

1
rla=rle+ea=rle+mca (24)
and
P
bep = L 25)

ap+n2’

with P(n) = | o, ba + n2bc |2. From (24), it follows:

1y Ii—ip
) 2 o
Xl = Z (1) ( L J cal "xy, . (26)

ig=0 \10 o +n2

For y[&, z[4, the summation indices will be jg, k.
With (7), one can integrate over r,,, whereby

I(io, =k, 0ty + 110, 1Cjo, —ky, a1 + 1y, I(ko, —k;, 1 + 1)

occur as solutions.
Direct integration over r,,, together with (7), leads to

I(h,ky, 2)jys I(ma ky, @2)jy, 1(n2,k;, 02))s.
In order to integrate over k, according to (6) we find

1
- gviduu*e_%y,
with
o + oy + 1?2
a(ap +1m?)

Thus, we obtain

. . , 14
Hig+bh -2(y +j1), bey, — | ,
(lo b =2(iy +j1), be, v )kl

1[]0 +my =20 +)2), bey, I%) ,
k2
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1(k0+"2~2(i3+13),bez,—}—/5) .
41” k3

With
v=(ig+jo+kg)+(z +my+ny)

=20y +ji+iptja+tia+j3)—(ky +ka +k3),

F{oy[(ay + nH)(ey + o + nH)]~'P()} is the solution of the y-integration. With

2
be = U (-C-x—!-ba+bc ,
oy +n2\ n?

the result is

£ 772 e € £1 &1 E—€] ,,—2E]
bef=| irs 520(81 )al bafibel S 2e, @27)
-

with € = i + [ - 2(i; + j,) — 2k,. The summation indices for be , be, will be &), &,.
Thus, the integration with respect to 77 can be effected with the substitution

n?
oy +n2’

leading to the result

Q 1
F8=1’9"2'052"a1"9+VZ(Q)(-1)“’J dz ,280
(04} w=0 60 0 ‘fal +(1 —22)(12

(24] C(zF(Z) }

(28)

X (ay + (1 =250 ) Ve @ac’p

with
F(z)=|z*ac+bal, g =A—(e1+ & + &)+ o,
Q={(ig+jotko)—(i1+ir+i3)+ (& + & + &),
A,:(l] +m +ﬂ1)+(12 +M2+Il2)—2(i1 +i2+i3)

- 2(ip +j0 +k0)—2(k1 +k2 +k3).
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Summarizing the above, the result is as follows:

4n* 1
Ty = — “; Z Bigiv,ji k1.6 2 Bjo,iz,ja.kz,€2
yo i0,01,j1,k1,81 Josiz,j2,k262
3 d
Z 250
X z Bko,is.j3.k3.83 2( )( l) J' z
ko,i3,j3,k3,€3 =0 0 \/al +(1-z2)a,
—aizac? a0 F(z)
x (@ + (1= o) Ve R, 5[
ay + oy (1—24)
with
= Lh+la+iog+ky 4~(i1+j1+k1) o la—i1—2j1—k1
BiO:iI:jl»kl,El =(-1)" '4 J oy

e W1 o + b — 23y + ji)lac) ~"obaf
(h —io) i 1l = 2j1) iy Mo — 2ip )!

oc¢o+12 21 +j1)-2k1 -

X

aéO—Zil"jl'

X ’
kilg !(lo +12 ‘2([1 +j1)—2k1 —81)!

i
0<ip<h, 0<j) <1y, osqs[é’}

0<k <[fo+12—2(i1 +J'1)]

2
0< g <ig+h—2(i1 +j1 +k1),

Jo = Jdn drydrs(rians) ™ 21 43 23

with r, = r, - Py, ry3=1ry—r.

(29)

(30)

According to the Fourier transformation of r|3!, one integrates over r, and obtains

with respect to the components:
I, ke, 02)iy, I(ma,ky, 0)i,, 1(na,k;, 00)5.

The Laplace transformation of r;! provides

@n? 5 2

2.2 2 - rd —(as+7 )(rc3 -
—~N°riy ,—asr 27€l
e 7337 o a4y e

n2rep \2
a3+ 2
b

(3D
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the option to integrate over r;. With

n2
r
as+n?

and r, —P =r, orr, =rp + P, respectively, the integration regarding rp provides
integrals of the type

; - 2y 2
degxf{‘e (@3+n%xp;

whereby the following is valid:

oo

_[ dx x2"e" " = (20)" \[g (2n- 1N | (32)

O

The summation indices of the components are 0 < j, < [4/2], j,, j;. With the
integration over r,, the r-space integration can then be conluded. In this connection,
the following applies:

(115 2

S TS Gl P TR (33)
with
o3 n? _oaja+ée
o5 + nZ ’ oy + 6

This leads to

1("1 +Sla_kx’a1 +5)k1y
1(r2+32a_ky’al +5)k2w

1(r3 +S3:—'k23a1 +5)k3;
with 0 < r; </, 0 < 5, < [y - 2j,. The singularity &2 is removed by

2 ! 14
e = 2p? fappe BT, (34)
0

with
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and one obtains
@y, b0, Y )y, (03,00, 70 )y, Hw3,bQ,, Y0 ),

with @, = [, - 2i; + r; + 5, — 2k, @,, @, correspondingly.

What still remains after the integration over r, k is the integration over the
auxiliary variables 7 and y. The p-integration produces the function F,,_,(bQ?%/(47))
witht =1 + 1, + 1;, @ = 0, + ®, + 0,. Finally, all n7-dependent terms are collected
and integrated with respect to 7. The terms bQ®1 -2, bQ;"z”z‘ﬂ, bQ®s~25 are multi-
plied and lead to summations over 0 < u; € w, — 21, and correspondingly u,, u,.

Then the substitution z = Vn?/(ay + 1?) leads to the following result:

3/2
4n? (&
Jy = o o E Nix,jl,n.sl,kl.n,ux
3 2 i1, j1,01,81, k1,041
x z Niz,jz.rz,sz,kz.fz.uz Z Nis,j3,r3,A‘3,k3,13.u3
i2,j2,r2,52,k2,02,u2 i3,3,73,53,k3,13,u3

w-1+1/2
a1a2+a2a322} /

1
x [dz 2261 = 22 (a) + @322y 73
0 oy + 0y + O3 22

_ ay a3z2 2
X e a1+a’31206 F azF(Z) (35)
W=t 2 2y |’
(o +ay+a3z )(0!1 + 03z )
with
_ 2 2
F(z)—lagz bc—ayab |,
& =1-2j+u+ly—r, & =k—-w+2t—1y—-1+2j,
Il=lL+mys+ny, h=1L +my+ny,
3
A= 2/1,-, A=u,j,rk,t o
i=1
and
i+t +ig+ —Jiq-{i1+k1+1t -2 - I5~2j1 - —la+i
Nix,jl,n,S1,k1,11,u1 =(—l)‘ 1+t tuiy—jig (iy+ki+ l)alwl 1—ur+13-2j s1a2 2411

y al( b )(h )(13 - 2j ) L1(2j - DU —51)l !
} 2j1 J\n 51 i Iy = 2i) k!

Wy =210 ~uy h=-r+l3-2j,-5, uy
ab; ac, be;

(ry + 54 “'2/(1 My !ul H(wy - 24 —ul)!
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l

OSZ'IS[—}, OSjIS[g:I, OSI'ISll,

+ 5
0< sy <k —2j, oshs{" > ‘},

w
OSIIS['—ZI‘}, O0su 2w —24.
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