
Journal of Mathematical Chemistry 6(1991)267-279 267 

ANALYTIC E V A L U A T I O N  OF M U L T I C E N T E R  INTEGRALS 
FOR GAUSSIAN-TYPE ORBITALS 

Klaus BRINKMANN and Heinz KLEINDIENST 
lnstitut fiir P hysikalische Chemie und Elektrochemie, Heinrich-Heine-Universitit Diisseldorf, 
D-4000 Diisseldorf 1, Germany 

Received 24 January 1990 

(Revised 28 June 1990) 

Abstract 

This work contains the evaluation of multicenter integrals with Cartesian Gaussian 
functions occurring in II HI/t[[ 2- These integrals have to be used if it is necessary to 
calculate the lower bounds for eigenvalues with the method of the minimization of the 
variance [1]. Considering the variance F(V) = II Hlgll 2 -  ( H ~ I  I//) 2, the integrals from 
( H q  ~, '4') are well known in contrast to those for [I H W  1[ 2. 

1. In t roduct ion  

Almost all calculations of upper bounds for eigenvalues, using the Rayle igh-  
Ritz variation principle, nowadays are performed with Gaussian functions, because 
of the difficulties of calculating (Her', q-') for Slater functions. Two methods are 
dominant: the use of Laplace and Fourier transform [ 2 - 4 ]  and recurrence relations 
[5-8]. 

In contrast, there are few papers concerning the integrals for II HW II 2, e.g. the 
papers by Zimering [9] and Roberts [10]. Starting with Gaussian functions of the type 

1 m ne-ar~Z  Z ( a , l , m , n ) =  xaya  za (1) 

(x a, y,~ and z~ are the components of the vector r a = r - a and l, m, n are integers >0). 
Four basic integrals are obtained calculating ( H ~ ,  q-'): Jl . . . . .  J4 according to the 
nomenclature of Huzinaga et al. [3]. 

In analogy, ( H R  a, Hee)  produces another five types of integrals J5 . . . . .  J9  

(see section 2). For the case 1 = m = n = 0, these integrals are given in [9, 10]. The 
general case 1, m, n ~ IN can be treated combining the methods of Laplace and Fourier 
transform. 

2. Basic integrals 

Looking at the functions ~ in II H ~ l l  2 in the most general form as a linear 
combination of products of Gaussian functions, e.g. Slater determinants, then the 
products of  
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• It  . . . 2  ZI = Xq, yg'za; e -a'% (2) 

with the centers q = a, b, c . . . . .  can be newly centered with regard to the electrons 
j = 1, 2, 3 . . . .  [4]. Thus, one obtains linear combinations of Gaussian functions 
referring to just one center for each electron. With .q/as Born-Oppenheimer  Hamiltonian, 
the following basic integrals are then needed for II 9-/'VII 2: 

with 

J5 = (r2,: I z l ) ,  

J6 = (Z~I r-2112/y2), 

J7 = ((rq ra~ )-ll  ZI ), 

S8 = (Z~I (rl2rcl)-11Z2), 

)-1 2 3 
J9 =(z~l(r12r13 IZ2Z3) '  

Ii ml znl  o-~lr21 
Z =XalYal  al~ 

--a2r~ 2 z 2 = , 

~ 3  = y13 um3,rn3 o-Ct3r2 3 
~c3 Jc3 ~c3 ~ 

For the solution of J5 up to J9' the following relations are needed [3,9, 10]: 

1 1 ; d k  eikr ' 
r = 2~2 

- -  = = - -  - r l 2 k  2 1 1 d r/ e_,lk2 2 d r / e  , 

0 To 6 o  

r 2 4re 

1 

e-ak2 = 2Sk 2 7~- 
o 

e-(61s2)g, 

(3) 

(4) 

(5) 

(6) 
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-I-¢~ 

I(n,y,a)~ = f dxx n e ixy e -ax2 
- - o o  

= (i) n f - ~  2-na-n/2n! 
[./21 ( Y 1 " -2k  

e-Y2/4a" Z ( -1 )k  
k=o t, Ta) 

(7) 

The index k at l(n, y, a) k indicates the selected summation index• 

f J -2  l m n - a r  2 J5 = (lrrc XaYa  Zae  . 

With r c = r -  c = r a + ac, ac = a - c and the transformation o f  r~ -2 to (5), it is possible 
to integrate with regard to r. Then, with (7) we obtain: 

J5 = l_~4zc f 7 l(l, -kx , a)il l (m , -ky ,  o~)i2l(n,-k z, a) i  3 e -ikac. (8) 

The newly  produced singularity k -~ can be removed with (4). Thereafter ,  one can 
integrate on the k-space with (7). According to the components ,  one obtains: 

I ( 1 - 2 i l , - a C x , r l + - ~ a l j  , 

I n - 2 i 3 ,  -acz ,  77+ ~ j3 

Finally, there still remains the integration with regard to the auxiliary variable 77. This 
results with the substitution 

I 7/ 
S =  I 

r / + a -  d 

in 
V 

l-'5=2(4Ct)V+le-aacz~.~ ( v )  Z=0 2 ( -1)ZFz(-aac2) '  

with v = l + m + n - 2(i I + i 2 + i3 )  - (J l  + J2 + J 3 )  and 

(9) 
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1 

Fx(t) = f du u2Ze -~u2. 
0 

Summarizing the various results: 

il , j l  i2,j2 i3,j3 

V 

× Z ( ; )  ( -1 ) '~Fz( -c tac2) '  (10) 
,~.=0 

with 

aC x Di~)~ = ( - I )  t ( - l  )/~ l! (4a)-i~ -A l-2i~-2j~ 
ii ! j l  ! ( l -  2ii - 2jl)! 

and 0 < i 1 < [1/2], 0 < Jl < [( l-2i~)/2] .  

J6 = (X~ [ r/2[ X2), 

W i t h  r12 = r E- r I =reb - r2~ + ba and (5), (7), the space integration can be performed. 
The solutions 

1(11, kx, oq )i~, l(m I , k y ,  O~ 1 ) i2 ,  l (n l ,  kz, a l  )i3 

1(12, - k x ,  ce2) A , l ( m 2 , - k y ,  a2)j2, l(n2, - k z ,  0:2)j3, 

can be integrated with (4) with respect to k and lead, together with (7), to 

with 

I(ll + 12 - 2(il + j l ) ,  abx , 6+ r/)k~ , 

l (ml  +m2 -2 ( i2  +J2), aby,  c5+ r/)kz, 

l(nl + n 2 - 2(i3 +J3), abz , 6+ r/)k~, 

6 =  1 + _ _ 1  
4 a l  4a2 " 

The substitution s = ",/r/l(6 + 7/) results in the integration regarding 7/" 
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with 

F6=2S-V-~e-abZ/'s~ (vA)(-1)XFxl-ab21, 
2.=o 

(11) 

v= ll +12 +ml  +m2 +nl  +n2 -2 ( i l  +i2 +i3 +Jl +J2 + j 3 ) -  kl - k 2  - k 3 .  

Finally, the solution is as follows: 

2 lr, 2 
J 6 -  

a l  +0~  2 
I, 2 Z c,,jl,, Z c,2,j2k2 Z c,3j3,k  e-ab214S 

0~1 0~2 i l , j l , k l  i2,j2,k2 i3,j3,k3 

~.=o - ~  
(12) 

with 
Ci~ ,A ,~:~ = ( -  1 )t~ (4CZl)i~ -t~ (4 t:t2 )jl -1232(il +jl)-/1-12+kl 

il !Jl !(/1 - 2il)!(12 - 2jl)! 

"Y~Irt l l + 1 2 - 2 ( i l + j l ) - 2 k  × (_l)k ~ ll !/2 !(/1 +12-2( i l  + j l , , . - b  x 1 

kl !(/1 + 12 - 2(il + J l ) - 2 k l ) !  

0 < i l  < I  1' 0<jl- -< [~ - ]  ' 0<kl-  -<[ /1+122 i l - j l ] ,  

J7 = f d r  l l ,~ ne -ar2  
rcrd XaYa Za • (13) 

With r c= r a + ac,  r d =  r + acl and (3), (4), one obtains 

1 -5/2 f f dk eikr ~ eika d e_n2~2 (14) 
rcrd o 

The combination of the Gaussian functions results in 

arl2 
2 2 2 -~ac 2 

e-ara e-r/ rc = e a÷ e -(a+r/2)r2, (15) 

with rq = r - q, q = ( a a  + r/2c)/(a + r/a). Then we have: 
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112 
r a = rq + qa = rq - -  a c  

a+ 112 
(16) 

and Iqdl  = ( a  + 112)-lxt-P-~-ff, with P(11) = laad + 112cd12. With (16) we obtain 

1 io _ _ l - i o _ i o  
Xa = Z (-- 1)1- ~2 tZCx .~.q. 

i0=0 
(17) 

For ym, zff, the summation indices will be J0 and k o. With (7), one can now integrate 
with respect to rq, obtaining 

2 l ( io , kx ,a+ r/2)i~, l(jo,ky,Cr+ l 1 )iz, l(ko,kz , a +  r/2)i3. 

The singularity k -z can be removed with (6) according to 

kz k 2 rl k2 
e ~+ .2~_  / d # # - 3 e  .u~+02) (18) 

2 ( a +  112) 

Integration over k leads to the solutions 

l(io, -2 i l ,  qdx, e)j,. l(jo, -2i2.  qdy, e)j 2, l(ko. -2 i3 ,  qdz, e)j3,  

with 

1 
E - -  

4/ . /2(0:  + 7"12 ) " 

Now one can integrate over #, obtaining the solution 

Fv[(a+112)-lP(11)] with v=  io +Jo +ko - 2 ( i l  +i2 + i 3 ) - ( j l  +J2 +./'3)- 

With 

qd - ad + cd 
O•-t- 17 2 

we obtain 

i 
_ ~  ) io-  2(il + jl ) 
Ot adx + cdx 

i°-2(i~+Jl)rio - 2(il +Jl )'~ak~ad)~cdi o )  

= k,~_-o / kl 
-2(il +jx)-kl 11-2kl. (19) 
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For qdy, qdz, the summation indices will be k 2 and k 3. Hence, one can integrate over 
;7, obtaining with the substitution 

z =  I 112 
tx+ r/2 ' 

= a (-1 I dz 
 o=o 

x e-C~z2"C~F v [o~(1 -z2)-IF(z)],  

Z2(el + eo) 

(20) 

with F(z) = I z2ca + ad 12 and 

el = l + m + n - 2 ( i :  +i2 -J- i 3 ) -  2(jl  +j2 + j 3 ) - ( k l  +k2 +k3) ,  

62 = il +i2 +i3 + j l  +j2 +./'3 + k l  +k2 + k 3 .  

The individual results can thus be summarized: 

J7 = 4  Z Aio,i,,j,,k, Z Ajo,iz,Jz,k2 Z Ako,ix,jx,k, Z (-1)e° 
io,il , j : ,  k : jo, i2,j 2,k2 ko,i3,j3, k3 eo = 0 

1 
X ! dz z2(e: +CO)e_aZ2ac 2 fv [a(1 - z2)-lf(z)l ,  (21) 

with 

and 

• a c  x a d  x c d  x A i o , i : , j l , k l  = (--1)/+J: l ! ( 4 a ) - ( i l + J l )  l - i o  k: i o - 2 ( i : + j : ) - k :  

( l -  io )!il !Jl !kl !(io - 2(il + J l ) -  kl)!  

[,o] [,0_2,,] 
O<io<l ,  O<il  < ~ , O<jl < ~ , O<kl  < i o - 2 ( i : + j l ) ,  

J8 = ( Z ~ l q 2 q c ) - l l Z 2 ) -  

With (3) and (4), the following can be recorded: 

(rl2rlc)_l = :rr_5,2 I d r / f  ~dk eitbaeikrZbe_itrl°e_OZr~c, (22) 
0 

and thus 

al  rt2~¢2 

e -mrz e - '?rL = e ,n+o2 e-(~+,TbrL (23) 
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With rx, = r I - e, e = ( a l a  + r/2c)/(a 1 + r/2), we obtain 

and 

V i a  = rle  + ea  = rle  + 

I b e l = P~/~) 
a l  +/-/2 ' 

r/2 
O~ 1 +?-]2 
m c a  

with P(rl) = I al ba + r72bc 12. From (24), it follows: 

= ,, ( , ,)(  x , e  Xga Y~ io < + ,7 ~ c¢,-,o ,o 
io=0 

(24) 

(25) 

(26) 

~, the summat ion indices will be Jo, ko. For  Y~a', z~,  
With (7), one can integrate over  r l , ,  whereby 

2 l( io,  - k x ,  a l  + F12)il, l ( j o ,  - k y ,  a l  + 71 )iz, l (ko ,  - k z ,  a l  + r/Z)i3 

occur  as solutions. 
Direct integration over  r2b, together with (7), leads to 

l(12,kx , OC2 )A , l (m2 ,ky ,  O:2 )jz, l(n2 ,kz ,  a2 )j3. 

In order to integrate over  k, according to (6) we find 

kz k 2  I _ k2 

e - T r =  _ f d/.t/.t -3 2 y e 7~2r, 
0 

with 

a l + a2 + 7"/2 y=  
0:2(Oq + 7'72) " 

Thus,  we obtain 

l ( i o + 1 2 - 2 ( i l + j l ) , b e x , + l  , 
kl 

1 j o + m 2 - 2 ( i  2 + j 2 ) , b e y ,  4 #  2 kz'  
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With 

l ( k o + n 2 - 2 ( i 3 + j 3 ) , b e z , + l  . 
k3 

v = (io +Jo + k o ) +  (12 + m 2  + n 2  ) 

- 2(il +Jl + i2 +J2 + i3 + h  ) - (kl + k2 + k3 ), 

Fv{a2[(a I + r/2)(0: x + c~ + r/2)]-lP(r/)} is the solution of the N-integration. With 

b e -  

the result is 

Oex e = ( - -  

0:1 +?72 - ~  ba + bc , 

a l  + 772 g 1 t"l uUx Vex  tl , (27) 

with e = i o + l 2 - 2(i~ + Ja) - 2k l~  The summation indices f o r  bey, be z will be e~, e. 3. 
Thus, the integration with respect to r/ can be effected with the substitution 

z =  I 1"12 
0:1 + ?72 ' 

leading to the result 

with 

F 8 = 0:2 a V  _f2+v - -  2 t z l  (_ l )O ~ dz 
a l  _ 09 0 ~/al + (1 - 22)0:2 

X ( a  1 + ( l - z Z ) a 2 ) - V e  -alzzac Fv a l  + az(1-zZ)J 

F(z)=[zZac+ba[, Co = A - ( E 1  +EZ+E3)+CO, 

= ( i o + j o + k o ) - ( i l  + i 2 + i 3 ) + ( 8 1  + 8 2 + ~ 3 ) ,  

~ = ( / 1  + m l  + n l ) + ( / z + m z + n 2 ) - 2 ( i l  + i 2 + i 3 )  

- 2 ( i o + j o + k o ) - 2 ( k l  + k 2 + k 3 ) .  

22~ 

(28) 
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with 

Summariz ing the above, the result is as follows: 

4~2 1 Z Bio,il,jl,kl,el Z Bjo,i2,j2,k2,e2 
J8 "= ~ 1  0~2 io,il,jl,kl,el jo,i2,j2,k2e2 

 o(Ol X Z Bko,i3,j3,~3,e3 (_ 1)co f dz z2eO 
ko,i3,j3,k3,e3 _ 09 0 4 a l  + (1 - z 2 ) a 2  

x (o:1 +(l_z2)o~2)-Ve-a~zZaC2Fv { alO~2F(z) } 
a 1 + 0 ~ 2 ( 1 - - Z  2)  ' 

(29) 

Bio,il , j l  ,kl ,el = (-1)t~ +12+i0+k14-(il +jl + k l ) a / 2 - i l  - 2 j l - k l  

,.vio-2il-jl-kl 11 *12. !(io + 12 - 2(il + jl ,.~tacllx -i°bae~x 
X ~2 (ll - io)!jl !(12 - 2jl )!il !(io - 2il )! 

b~  io+12-2(il + j l ) - 2 k l  - c l  v x 
X 

kl !el !(io + 12 - 2(il + J l ) -  2ki - e l)!  ' 

E °J O < i o < l l ,  O<jl <l l ,  0 < i l  < -~ , 

O< kl < [ io+ 12-2 ( i l  +jl)  1 
2 

0 < e l  < i o + 1 2 - 2 ( i l + j 1 + k 1 ) ,  

= f  )-1 1 2 3  J9 dr1 dr2dr3(rl2rl3 ,~1 X2~3 ,  (30) 

with r12 = r 2 - r 1, r13 = r 3 - r 1. 
According to the Fourier transformation of  r ~  1, one integrates over r 2 and obtains 

with respect to the components:  

l(12,kx,a2)6,  l(m2,ky,a2)i2, l(n2,kz,a2)i3. 

The Laplace transformation of  r ~  1 provides 

rl2rCl "~2 
_ c¢3r/2 .2 - - (a3+O 2) rc3-- a'3+r/2J 

e -r/2r?3 e -a3r~3 = e c,3, vZ'qe , (31) 
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the option to integrate over r 3. With 

/-12 p -  
a 3 + 77 2 rcl 

and rc, - P = rp, or rc, = rp, + P, respectively, the integration regarding re, provides 
integrals of the type 

f dx3 x/~ t e -(a3 + r/2)x~3, 

whereby the following is valid: 

 x2°e- X2= (2a)-°{ (2.- 1)!! 
- -oo 

(32) 

The summation indices of the components are 0 < Jl < [13/2] ,  J2,  J3" With the 
integration over r 1, the r-space integration can then be conluded. In this connection, 
the following applies: 

a l d i  2 2 z +6)r~1 e - ~  ac e -mr°~ e -&C~ = e -Ca~ , (33) 

with 

a3 772 a I a + 5c 

5 - -  772 , Q -  a 3 +  a l  + 5  

This leads to 

l(rl  + s l ,  - k x ,  a l  + 5)k~, 

l ( r  2 + $2, - k y ,  a 1 -t- 5)k1, 

I(r3 + s3, - k z ,  a l  + 5)k3, 

with 0 < r 1 < 11, 0 -< s I < /3 - 2jl. The singularity k -e is removed by 

with 

1 

e-r~2 = 2 y k  e Id/.t  #-3 e- ~2~z ' 
0 

1 (  1 + 1 ] 
r =  a--7 ' 

(34) 
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and one obtains 

1((01, bQx, y#-2)t~,  1(o92, bQy, ~/12-2)t2, 1(093 , bQz, y,U-2)t3, 

with (01 = 12  - 2il + r~ + s I - 2k 1, (02, (03 correspondingly.  
What  still remains after the integration over  r, k is the integration ove r  the 

auxil iary variables 7/and #. The  #- integrat ion produces the funct ion Fo) _t(bQ2/(4y)) 
with t = t~ + t 2 + t 3, (0 = (01 + (o2 + (03. Finally,  all 0 -dependen t  terms are col lected 
and integrated with respect to r/. The  terms bQx ~,- 2q, bQy~-2t2 bQ~'-2t, are multi-  

plied and lead to summations over  0 < u 1 < 001 - 2 q  and cor respondingly  u 2, u 3. 

Then  the substitution z = q~2/(0:3 + r/z) leads to the fol lowing result: 

J9 -- Z Ni l  , j l ,rl  ,Sl ,k 1 ,tl ,u 1 
0:3 il j l , r l , s l , k l , t l , u l  

X Z Ni2,j2,r2,s2,k2,tz,u2 Z Ni3,j3,r3,s3,k3,t3,u3 
i2,j2,r2,s2,k2,t2,u2 i3,j3,r3,s3,k3,t3,u3 

X fd2  22t':I(1 -- Z2/(0:1 + Cr322) ¢2-3/2 0¢1 0:2 + 0:20:3 z2 W-/+l/2 
0 0:1 + 0:2 + 0:322 

'~"n'2 2 I 0:2 F(z) 1 x e ~'1+"3a'~c F~_t , (35) 
(0:1 + 0:2 + 0:3 z2)(0:1 + 0:3 z2) 

with 

F(z) = la3z2bc- al ab 12 , 

el = l - 2 j + u + l o - r ,  e 2 = k - ( 0 + 2 t - l o - l + 2 j ,  

l = 1 3 + m 3  + n 3 ,  lo =l~ +m~ +n~, 

3 
;t= ~ ) { i ,  ~=u,j ,r ,k , t , (0 

i=1 
and 

Ni l , j 1  ,rx,s l ,kl  ,tl ,ul = ( - -1) t l  + t, + il + rl + u12-J14-(  il + kl + tl) 0: ~o1- 2& - u l  +13-2jl-sl a21z  + il 

× a ~ l +  t l-n (21fl)(rll l  ( 13-2jl)12!(Rjl - 1)! !(rl - S1 )! (01 ! 

abxW1- 2tl - Ul aC lx 1 - r l  +13-2jl-S,bc~l  

(q  + s  1 - 2 k  l ) ! q ! u  l!(co l - 2 q  - u l ) ! '  
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with 

O < i l  < ~- , 

O<_s~ <-13-2A, 

[°,] 0 < t l  -< ~ , 

O_<jl -< ~ , O_<rl -<11, 

0 < k l  < 
2 ' 

O < u l  -< o 9 1 - 2 q .  
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